INTRODUCTION
Consider the mth order nonlinear difference equation 
Ž .
In studying the global behavior of the solutions of Eq. 1 , we often need Ž . to establish that 1 is permanent, i.e., it has the property that every one of its solutions is eventually confined within a fixed compact interval regardless of the initial values chosen. Permanence is needed directly or indirectly in establishing other properties such as persistent bounded oscillaw x tions or the global attractivity of fixed points. For example, in 6 permanence of the equation
n n y 1 n y 1 n y m under certain conditions on the function g is used directly in the derivation of global attractivity results. More recently, the oscillations results in w x Ž . 9 require the existence of nontrivial bounded solutions to 1 . Other instances where permanence is applied are noted in the sequel.
Ž . In this paper we obtain general sufficient conditions that imply Eq. 1 is permanent. Our approach here utilizes the existence of linear bounds on Ž . minimally restricted functions f i.e., when f is sublinear in the large .
Thus we will generally not require that f be continuous or monotonic in Ž . some of its arguments; nor is it necessary to assume that 1 possesses a simplified fixed point structure as is commonly done when dealing with global stability or with oscillations. One consequence of this generalization is that the results in this paper extend and unify the existing permanence and boundedness results in the literature. On the other hand, the restrictive hypotheses needed for stability or for oscillations but not assumed here, sometimes involve parameter ranges that go beyond what is allowed for f here. Hence, the results of this paper do not entirely subsume the existing permanence results.
In addition to the unifying aspect mentioned above, we also obtain completely new results concerning broad classes of difference equations of arbitrary order. Many of these results immediately yield new bounded w x oscillation theorems when coupled with the results in 9 .
PRELIMINARIES
n . Any compact interval having this property may be called an absorbing 0 Ž . inter¨al for 1 .
Remarks.

Ž .
1 Note that each absorbing interval must contain all attracting points and limit sets, so permanence puts restrictions on trajectories that Ž . mere boundedness does not. Indeed, boundedness of all solutions of 1 Ž . does not imply permanence see below .
Ž . Ž . 2 If the function f in 1 is bounded, then 1 is trivially permanent.
w x 3 In 6 it is also required that L ) 0. We shall not assume this Ž . condition, but when it does hold we may refer to 1 as positi¨ely permanent. In any case, it is important to note that constants L, M do not depend on the initial conditions; further, in the absence of sharpness requirements or other considerations, we may let L s 0. . m space R or the cone 0, ϱ , unless otherwise noted; we now list three of the most familiar norms on R m for reference: and by induction
Since there is an integer n G 1 such that z F M for all n G n , it 0 n 0 w x Ž . follows that 0, M is also an absorbing interval for 1 . The final assertion about boundedness is similarly proved. Ž . q b, it follows that x is the unique fixed point of 4 and also that ax q b s x. To show that x is globally attracting, we consider two cases:
Proceeding in this manner, we find inductively that
is a nondecreasing sequence which clearly approaches x as n ª ϱ.
Therefore, x -x F x -M. Since x , x are both present in
, . . . , x for n s 1, . . . , m, it is evident that for these values
Continuing inductively, for j s 1, 2, 3, . . . , we have
Once again, it is clear that x ª x as n ª ϱ.
n Finally, the monotonic nature of the convergence of x to x in both of n the above cases implies that x is in fact stable, thus completing the proof.
Remarks. 
Ž . Ž . 1 When
Ž .
w . m I f is bounded on the compact subsets of 0, ϱ and
where C is the upper max-norm coefficient.
with a -1 and b g 0, ϱ such that for so that once again Lemma 3 applies.
Remarks.
Ž Ž .
.5 Ž for all u,¨g 0, ϱ . But when u q¨s u,¨is large enough, br u 
Ž . 
Ž . Ž . Ž . 1 With regard to Eq. 2 , or when k s 1 in 7 , the simple conditions imposed on g in Corollary 1 are quite different from hypotheses Ž . Ž . w x H ᎐H stated in 6, p. 36 , although there is a significant overlap. The 1 4 Ž . latter hypotheses imply that 2 is permanent without requiring that g be bounded. The same hypotheses, however, also put several restrictions on g Ž Ž . e.g., that g be continuous and nonincreasing in u , . . . , u , that 2 have a 2 m . unique positive fixed point x, etc. that we do not assume in Corollary 1.
Ž .
Ž . Ž . 2 Do the aforementioned H ᎐ H imply the hypotheses of The- 1 4 Ž . orem 1 I ? It turns out that they do imply the boundedness of the function Ž . f in 8 on the compact sets and the finiteness of the limit supremum in Theorem 1; however, the said limit supremum may exceed 1 under the Ž . max-norm since the following finite quantity
Ž .
Ä 4
x ª ϱ Ž . Ž . may exceed 1 under H ᎐ H . Evidently, utilizing the particular product 1 4 Ž . w x Ž . form of 2 as is done in 6 i.e., more substantially than in Corollary 1 is Ž . Ž . required for proving permanence under H ᎐ H . 1 4 Ž . w x 3 The Baumol᎐Wolff model of ''productivity growth'' 1, p. 355 , if generalized by introducing additional lags or delays into the basic first Ž . order model, represents an interesting economic application of Eq. 2 .
w x
The hypotheses in Corollary 1 as well as those in 6 are both general Ž . w x enough to be admissible; hence, the attractivity results for 2 in 6 and w x the oscillation results in 9 provide immediate insights into the global behavior of the extended Baumol᎐Wolff equations. Let a s a , . . . , a , b s b , . . . , b , and define Ž .
Now Lemma 3 may be applied to conclude the proof. Ž . f x F g x for all x G 0;
Then the equation f u s f u , . . . , u s Ł f u and note thaṫ
5 5 where the last inequality holds because u F u and g is nondecreasing 
Ž . Proof. Observe that
and apply Theorem 1 to complete the proof.
Ž . The omitted proof of the next corollary is similar to the proof of Corollary 6. Ž . w x Permanence of 10 is proved in 6 under several specialized hypotheses, then used in establishing global stability of a positive fixed point x whose unique existence is guaranteed by the same hypotheses that are used in proving permanence. These latter hypotheses, in particular, imply the Ž . Ž . following: g x F ␣ x q ␤ with ␤ s sup g x and ␣ s 1 y a, where
shows that under additional hypotheses on f, Corollary 7 holds even if the m Ž . sum Ý a q ␣ b equals 1. On the other hand, when the last sum is less is1 i i than 1, Corollary 7 shows that permanence exists without additional restrictive hypotheses. Remark. Like Corollary 7, in special cases it is possible to improve the parameter range in Corollary 8. For instance, the second order equation
Ž . is a special case of 11 , so according to Corollary 8 permanence obtains Ž . w x Ž . for 12 if, in particular, ␣ q a -1. However, it was shown in 10 that 12 Ž is permanent if only ␣, a -1. This increase in parameter range known so . far only for the second order case came at the price of requiring g to be nondecreasing in addition to satisfying the linear bound of Corollary 8.
Ž . Ž . Generalizations of 12 and variants of 11 provide natural mathematical settings for discussing the global behavior of ''accelerator-based'' w x models of the macroeconomic business cycle; see 9, 10 . i s1 i nyi is permanent.
Proof. Note that
so that once again Theorem 1 applies. Ž . and Theorem 1 II , though not at as general a level as we have done here. One advantage of the generalization is that the second part of the aforementioned Kocic᎐Ladas Theorem need not be proved independently, as both parts of that theorem are included in Corollary 9.
Ž .
We close with an application of the results obtained here to the w x oscillation theory. For convenience, we quote the main result in 9 as a Ä 4 Ž . lemma here. We state for reference that a bounded solution x of 1 is n Ä 4 said to oscillate persistently if the sequence x has at least two distinct n limit points. 
In the second order case, the linearized instability condition c in Lemma 4 is somewhat easier to characterize. Once again, using a result w x from 9 , we have the following.
